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1  Background 

An  understanding  of  the  dynamic  characteristics  of  a  structural  system  is  essential  for  its  design 
and  control.  Many  of  the  important  characteristics  can  only  be  modeled  by  nonlinear  governing 
equations.  When  the  governing  equation# are  nonlinear,  the  system  and  the  characteristics  of  the 
solutions  are  also  said  to  be  nonlinear.  There  is  vast  range  of  interesting,  important .  and  potentially 
dangerous  phenomena  that  are  nonlinear.  Nonlinearities  can  have  important  influences  even  while 
the  amplitudes  of  the  response  are  quite  small  (Nayfeh  and  Mook.  1979).  Here  a  limited  perspective 

on  some  recent  developments  is  presented.  .  .  ,  .. 

As  an  example,  modeling  a  system  that  is  subjected  to  a  parametric  excitation  by  linear 

equations  and  boundary  conditions  is  unrealistic  if  the  parametric  excitation  leads  to  instability 
because  such  a  model  predicts  that  the  growth  of  the  response  is  exponential.  Consequent h.  it 
would  be  more  realistic  to  include  nonlinear  terms,  which  limit  the  predicted  response.  Moreover, 
the  linear  model  may  predict  stability  (i.e..  a  decaying  response),  but  the  actual  response  may 
not  decay  under  certain  conditions.  In  this  case,  the  parametric  excitation  produces  a  so-called 

subcritical  instability  that  is  only  predictable  by  a  nonlinear  model. 

Nonlinearity  brings  a  whole  range  of  phenomena  that  are  not  found  in  linear  systems.  In 
single-degree-of-freedom  systems,  these  include  multiple  solutions  and  jumps:  limit  cycles;  frequency 
entrainment:  natural-frequency  shifts:  subharmonic,  superharmonic,  combination,  and  ultrasubhar¬ 
monic  resonances:  period-multiplying  and  demultiplving  bifurcations:  and  chaos.  The  devastating 
consequences  of  having  one  harmonic  load  with  a  frequency  near  the  natural  frequency  might  be 
lowered  to  a  tolerable  level  by  simply  adding  one  or  more  nonresonant  harmonic  loads  that  produce 
a  shift  in  the  natural  frequency.  The  large  response  produced  by  a  primary  resonant  excitation 
can  also  be  significantly  reduced  by  simply  adding  other  superharmonic-resonant  loads  having  the 
proper  amplitudes  and  phases.  When  the  nonlinear  terms  are  cubic  and  the  sum  of  three  frequencies 
in  a  multifrequency  load  equals  or  nearly  equals  the  natural  frequency,  the  system  can  expenence 
a  combination- resonant  response  in  which  the  peak  amplitudes  are  several  times  larger  and  appear 
more  often  than  those  predicted  by  linear  theory.  For  such  a  response,  the  actual  fatigue  life  can 
be  much  lower  than  what  was  predicted. 

A  successful  strategy  for  solving  the  nonlinear  partial-differential  equations  governing  beams, 
plates  shells,  etc.  is  to  discretize  the  equations  by  writing  the  deflections  as  expansions  in  terms  of 
the  linear,  free- vibration  modes.  The  time-dependent  coefficients  in  these  expansions  (the  general¬ 
ized  coordinates)  are  governed  by  a  system  of  nonlinear,  coupled,  second-order,  ordinary-differential 
equations.  Typically,  the  coupling  is  through  the  nonlinear  terms,  but  in  some  cases  there  are  re¬ 
peated  natural  frequencies  and  the  Jordan  form  for  the  linear  terms  has  coupling  (i.e..  off-diagonal) 
terms.  For  these  as  well  as  other  multi-degree-of-freedom  systems,  another  example  of  a  nonlin¬ 
ear  phenomenon  is  an  interaction  among  different  modes,  which  can  result  in  an  energy  exchange 
among  the  modes.  What  makes  the  exchange  of  energy  among  modes  dangerous  is  that  typically 
energy  is  transferred  from  the  low-amplitude  high-frequency  components  of  the  motion  associated 
withthe  high  modes  to  the  high-amplitude  low-frequency  components  of  the  motion  associated  with 
the  low  modes.  Thus,  the  modal  interaction  makes  it  possible  for  a  high-frequency  low-amplitude 
excitation,  which  is  capable  of  doing  a  lot  of  work  on  the  structure  in  a  short  period,  to  produce 
a  large-amplitude  low-frequency  response.  In  the  absence  of  modal  interactions,  the  steady-state 
response  of  a  damped  structure  will  consist  of  only  the  directly  excited  modes. 

Nonlinear  modal  interactions  have  been  the  subject,  of  a  great,  deal  of  recent  research.  It.  has 
been  found  that,  in  weakly  nonlinear  systems  where  there  exists  a  special  relationship  between  two 
or  more  natural  frequencies  and  an  excitation  frequency,  the  long-time  response  can  contain  large 
contributions  from  many  linear  modes  (Nayfeh  and  Mook.  1979:  Nayfeh  and  Balachandran.  1989). 
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The  large  presence  of  more  than  one  mode  generally  makes  the  actual  response  more  complicated, 
increases  the  number  of  modal  equations  that  must  be  treated,  and  causes  the  analysis  to  be  more 
difficult.  Modal  interactions  can  lead  to  dangerously  large  responses  in  the  very  modes  that  are 

insignificant  according  to  linear  analysis.  . 

Most  of  the  research  on  modal  interactions  is  focused  on  autoparametric.  also  called  internal. 

resonances  in  systems  where  the  linear  natural  frequencies  are  commensurate  or  nearly  commensu¬ 
rate.  Autoparametric  resonances  have  been  successfully  treated  with  perturbation  methods  There' 
also  exists  a  large  body  of  experimental  results  which  are  in  good  general  agreement  with  the  per¬ 
turbation  results.  Autoparametric  resonances  may  provide  coupling  and  energy  exchanges  among 
the  modes.  Consequently,  exciting  a  high-frequency  mode  may  produce  a  large-amplitude  response 
in  a  low-frequency  mode  involved  with  it  in  an  autoparametric  resonance. 

In  externally  excited  multi-degree-of-freedom  systems,  combination  resonances  may  occur 
in  response  to  a  simple-harmonic  excitation.  Consequently,  a  high-frequency  excitation  may  pro¬ 
duce  large-amplitude  responses  in  the  low-frequency  modes  that  participate  in  the  combination 
resonance.  In  parametrically  excited  systems,  multimode  interactions  can  occur  when  the  exci¬ 
tation  frequency  is  near  the  sum  or  difference  of  two  or  more  linear  natural  frequencies.  These 
so-called  combination  resonances  have  been  studied  extensively  in  the  literature  (Evan-Iwanowski. 
1976-  Navfeh  and  Mook,  1979).  Again,  these  combination  resonances  can  lead  to  interactions  be¬ 
tween  high-  and  low-frequency  modes.  Such  transfers  of  energy  are  predictable  with  the  current 

state  of  analytic  methods.  . 

Often  when  the  response  of  a  system  excited  at  a  high  frequency  becomes  chaotic,  low- 

frequency  modes  are  excited.  Haddow  and  Hasan  (1988)  parametrically  excited  a  cantilever  beam 
near  twice  the  natural  frequency  of  its  fourth  mode.  While  increasing  the  excitation  frequency,  they 
observed  that  a  planar  periodic  response  consisting  essentially  of  the  fourth  mode  lost  stability, 
and  a  nonplanar  chaotic  motion  developed,  and  that  the  energy  in  the  beam  seemed  to  cascade 
down  through  the  modes,  resulting  eventually  in  a  very  low- frequency  high-amplitude  steady-state 
response.  Burton  and  Kolowith  (1988)  conducted  an  experiment  similar  to  that  of  Haddow  and 
Hasan.  In  certain  regions  of  the  parameter  space,  they  observed  chaotic  motions  where  the  first, 
seven  in-plane  bending  modes  as  well  as  the  first  torsional  mode  were  present  in  the  response. 
Cusumano  and  Moon  (1990)  conducted  an  experiment  with  an  externally  excited  cantilever  beam. 
They  observed  a  cascading  of  energy  into  low-frequency  components  in  the  response  associated 
with  chaotic  nonplanar  motions. 

Several  recent  experimental  studies  suggest  that  another  type  of  interaction  may  occur 
between  high-  and  low-frequency  modes.  In  these  experiments,  a  high-frequency  mode  was  directly 
excited  either  parametrically  or  externally,  yet  the  response  contained  a  large  contribution  from  the 
first  mode.  The  presence  of  the  first  mode  was  accompanied  by  a  slow  modulation  of  the  amplitude 
and  phase  of  the  high-frequency  mode  with  the  frequency  of  the  modulation  being  nearly  equal 
to  the  natural  frequency  associated  with  the  first  mode.  The  results  indicate  that  the  mechanism 
for  the  excitation  of  the  first  mode  is  neither  a  classical  internal  resonance  nor  an  external  or  a 
parametric  combination  resonance  involving  the  first  mode.  Rather,  the  appearance  of  the  first 
mode  is  accompanied  by  a  slow  modulation  of  the  high-frequency  modes. 

The  interaction  between  high-  and  low-frequency  modes  observed  experimentally  is  of  great 
practical  importance.  In  many  manufacturing  structures  and  dwellings,  high-frequency  excitations 
can  be  caused  by  rotating  machinery:  in  large  floating  structures,  high-frequency  excitations  can 
be  caused  by  waves;  in  ships,  high-frequency  excitations  can  be  caused  by  the  propeller  blades 
passing  the  rudder;  etc.  Through  the  mechanisms'  discussed  above,  energy  from  high-frequency 
sources  can  be  transferred  to  the  low-frequency  inodes  of  supporting  st  ructures  or  foundations,  and 
the  result  can  be  harmful  large-amplitude  oscillations.  Moreover,  some  preliminary  results  (Navfeh 
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and  Navfeh.  1993)  indicate  that  the  use  of  conventional  methods  for  decreasing  modal  interactions, 
such  as 'increasing  the  dissipation  or  decreasing  the  forcing  amplitude,  may  have  undesirable  effects. 

In  the  present  paper  a  limited  discussion  of  the  mechanisms  for  the  transfer  of  energ\ 
from  high-  to  low-frequency  modes  is  presented.  In  Section  2  internal  resonances  are  considered, 
in  Section  3  combination  resonances  are  considered,  and  in  Section  4  interactions  among  w.deh 
spaced  modes  are  considered.  Due  to  the  page  limitation,  the  discussion  is  brief:  it  is  focused  on 

some  very  recent  work  conducted  at  VPIicSU. 
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2  Other  Developments  Resulting  from  the  AFOSR  Sponsored 
Research 

2.1  Internal  Resonances 

Internal  resonances  are  responsible  for  many  interesting,  unusual,  and  dangerous  phenomena.  For 
example,  they  are  responsible  for  the  instability  of  the  planar  motions  of  a  string  or  a  symmetric 
beam  excited  bv  a  harmonic  planar  force.  Experiments  show,  and  nonlinear  analyses  predict,  that 
the  response  of  a  string  or  a  symmetric  beam  to  a  plane  harmonic  excitation  is  planar  provided 
the  excitation  amplitude  is  below  a  critical  value.  Above  the  critical  value,  the  planar  motion 
becomes  unstable  and  gives  way  to  a  nonplanar.  whirling  motion.  The  whirling  motion  is  a  direct 
consequence  of  the  fact  that  the  natural  frequency  for  motion  in  the  plane  of  the  excitation  is  the 
same  as  the  natural  frequency  for  motion  in  the  plane  perpendicular  to  the  plane  of  the  excitation. 

When  two  natural  frequencies  of  a  system  with  quadratic  nonlinearities  are  in  the  ratio  2:1. 
there  exists  a  saturation  phenomenon.  When  the  system  is  excited  at  a  frequency  near  the  higher 
natural  frequency,  the  structure  responds  at  the  frequency  of  the  excitation  and  the  amplitude 
of  the  response  increases  linearly  with  the  amplitude  of  the  excitation,  in  perfect  agreement  with 


the  predictions  of  linear  theory.  Then,  when  the  amplitude  reaches  a  critical  value,  this  response 
loses  stability,  the  lower  mode  is  strongly  excited,  and  the  ensuing  motion  is  dominated  by  a  very 
large  contribution  from  this  mode  at  half  the  frequency  of  the  excitation.  On  some  occasions  in  the 
laboratory,  the  structural  model  was  destroyed  by  the  large-amplitude  motions.  On  other  occasions 
it  was  observed  that  the  amplitude  of  the  higher  mode  did  not  increase  with  further  increases  in 
the  amplitude  of  the  excitation:  the  higher  mode  became  saturated  and  all  additional  energy  added 
to  the  structure  by  the  excitation  overflowed  into  the  lower  mode. 

An  interesting  phenomenon  that  could  be  related  to  internal  resonance  was  reported  by 
Cole  (1990).  While  investigating  the  influence  of  spoiler  surfaces  on  the  aeroelastic  behawoi  of  low 
aspect-ratio  rectangular  wings.  Cole  encountered  what  he  called  a  ••torsional  instability".  He  found 
that  above  a  certain  spoiler  size,  the  wing  experienced  torsional  instability  at  dynamic  pressures 
well  below  the  expected  flutter  conditions. 

“Torsional  instability”  is  represented  in  Fig.  1.  which  was  taken  from  Cole  s  paper.  In  the 
figure  “/is”  refers  to  the  height  of  the  spoiler,  which  runs  in  the  span  wise  direction  at  0.1  chord 
from  the  leading  edge,  and  w  refers  to  its  spanwise  dimension,  see  Fig.  2.  In  part  a,  one  sees 
that,  for  hs  =  1,  a  sudden  and  dramatic  loss  of  stability  occurs  when  the  Mach  number  M  is  near 
0.7.  Flutter  occurs  at  a  dynamic  pressure  very  far  below  what  was  expected.  The  motion  that 
develops  “appears  to  be  nearly  single-degree-of-freedom  torsional  instability...  .  In  part  b.  one 
can  see  that  the  frequency  of  the  flutter  motion  suddenly  increases  near  M  =  0.7  and  is  near  the 
free-vibration  (i.e.,  wind-off)  torsional  frequency.  The  lowest,  five  experimentally  obtained  natural 
frequencies  are  2.85  Hz  (first,  bending),  13.1  Hz  (first  torsion).  15.5  Hz  (in-plane).  26.2  Hz  (second 
bending)  and  62.6  Hz  (second  torsion).  Hence,  instead  of  flutter,  the  wing  suddenly  experiences 
a  strong  response  to  the  buffeting  from  the  wake  of  the  spoiler.  At  lower  Mach  numbers  Cole 
reported  that  the  motion  appears  to  be  the  classical  coupling  of  the  first,  bending  and  first  torsional 
modes.  Indeed,  at  M  =  0.6  the  observed  frequency  is  about  7  Hz  or  8  Hz.  between  the  first  bending 
and  first  torsional  frequencies.  We  note  that  the  frequency  of  the  first  torsional  mode  is  exactly 
one-half  the  frequency  of  the  second  bending  mode.  Hence,  t  here  is  an  internal  resonance,  which  to 
the  accuracy  reported  is  perfectly  tuned,  and  hence  it  is  possible  that  modal  interactions  between 
these  modes  were  responsible  for  the  observed  torsional  instability. 

To  investigate  whether  the  two-to-one  frequency  ratio  may  be  responsible  for  the  torsional 
instability  observed  in  the  wind-tunnel,  Oh.  Nay  fell,  and  Mook  (1994)  fabricated  an  aluminum 
plate  having  the  same  dimensions  as  those  of  the  plate  tested  by  Cole.  The  plate  was  attached  in 
a  cantilever  mode  to  a  2000-lb  shaker  and  excited  harmonically  at  the  base  near  the  frequency  of 
the  second  bending  mode.  During  sweeps  of  the  excitation  frequency  or  amplitude  upward  the  first 
torsional  mode  of  the  plate  was  excited.  This  phenomenon  was  identified  by  time  histories,  power 
spectra,  and  state-space  plots  and  was  further  characterized  by  force-response  plots.  In  Fig.  3. 
typical  power  spectra  are  shown  for  the  excitation  and  plate  response  when  the  torsional  mode  was 
excited.  These  results  illustrate  a  possible  mechanism  for  the  torsional  instability  observed  by  Cole 
(1990)  in  his  wind-tunnel  experiments. 

In  the  laboratory,  the  second  bending  mode  was  excited  by  a  shaker.  In  Cole  s  experiment, 
the  second  bending  mode  was  most  likely  excited  by  pressure  fluctuations  in  the  turbulent  wake  of 
the  spoiler.  In  both  cases,  it  seems  that  energy  was  transferred  from  a  high-frequency  mode  to  a 
low-frequency  mode  by  means  of  an  internal  resonance.  Such  a  transfer  is  potentially  dangerous 
because,  for  a  given  amount  of  energy,  a  reduction  in  frequency  must  be  accompanied  by  an  increase 
in  amplitude. 
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Figure  1‘  Influence  of  spoilers  on  the  flutter  of  a  model  of  a  wing:  (a)  variation  of  the  flutter 
dynamic  pressure  with  Mach  number  and  (b)  variation  of  the  flutter  frequency  with  Mach  number 

(Cole,  1990). 


Figure  2:  A  model  of  a  wing  with  spoilers  (Cole.  1990). 
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Figure  3:  Activation  of  a  two-to-one  internal  resonance  in  a  cantilever  metallic  plate:  (a)  power 
spectrum  of  the  input  and  (b)  power  spectrum  of  the  response  (Oh  et  al..  1994). 

2.2  Combination  Resonances 

Dugundji  and  Mukhopadhyay  (1973)  conducted  experiments  on  a  cantilever  beam  subjected  to  a 
parametric  base  excitation  at  a  frequency  close  to  the  sum  of  the  natural  frequencies  of  the  first 
bending  and  first  torsional  modes,  which  are  approximately  in  the  ratio  of  18  to  one.  They  found 
that  the  high-frequency  excitation  can  produce  a  large-amplitude  response  in  a  low-frequency  (in 
this  case,  the  first  bending)  mode.  Three  recent  experiments  indicate  that  activation  of  a  low- 
frequency  mode  by  a  high-frequency  excitation  is  generic  to  a  very  broad  class  of  dynamic  systems. 


2.2.1  A  Parametrically  Excited  Cantilever  Beam 

Anderson.  Balachandran.  and  Nayfeh  (1994)  parametrically  excited  a  metallic  cantilever  beam. 
The  lowest  four  natural  frequencies  of  the  beam  are  0.65.  5.60,  16.19.  and  31.91  Hz.  The  beam 
was  slightly  bent.  The  excitation  frequency  was  chosen  to  be  the  control  parameter,  while  the  base 
acceleration  was  held  constant  at  2.0  g  rms.  where  g  stands  for  the  acceleration  due  to  gravity 
and  rms  denotes  the  root  mean  square.  Initially,  the  excitation  frequency  was  set  at  32.50  Hz. 
The  response  consisted  of  contributions  from  the  fourth  and  third  modes  only.  They  were  excited 
by  a  primary,  resonance  and  a  principal  parametric  resonance,  respectively.  As  the  excitation 
frequency  was  decreased  to  32.0  Hz,  the  power  spectrum  of  the  response  (Fig.  4a)  consisted  of 
three  peaks:  a  peak  at  the  excitation  frequency,  a  peak  corresponding  to  the  fourth  mode,  and 
a  peak  corresponding  to  the  first  mode.  In  Fig.  4b  we  show  a  two-dimensional  projection  of  a 
Poincare  section  of  the  attractor.  It  consists  of  a  closed  loop  of  points,  indicating  that  the  motion 
is  two-period  quasiperiodic. 

In  this  experiment,  the  beam  was  excited  at  a  high  frequency,  yet  the  response  contained 
a  large-amplitude  first-mode  contribution.  The  activation  of  the  first,  mode  is  the  result,  of  a 
combination  resonance  of  the  additive  type. 
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Figure  4:  Combination  resonance  oi 
(a)  power  spectrum  of  response  anc 


e  additive  type  in  the  response  of  a  cantilever  metallic  beam: 
))  Poincare  map  of  response  (Anderson  et  al.  1994). 


2.2.2  Frames 

In  the  second  experiment.  Popovic.  Nayfeh.  Oh.  and  Nayfeh  (1994)  tested  the  three-beam-frame 
structure  shown  in  Fig.  5.  It  consisted  of  three  steel  beams  connected  by  a  base  and  two  aluminum 
corner  masses  of  8.98  X  1(T3  slug.  The  width  and  thickness  of  the  steel  beams  are  0./5  and  0.035 
To  monitor  the  response  of  the  structure,  they  located  a  strain  gage  on  the  outer  side  of  each  of 
the  two  vertical  beams,  approximately  one  inch  from  the  bottom.  They  used  an  accelerometer 
attached  to  the  base  of  the  structure  to  monitor  the  excitation.  The  resolution  of  the  accelerometer 
was  ±0.005  g.  The  experimental  apparatus  included  a  '250-lb  shaker  and  the  data  acquisition 
instrumentation.  The  base  of  the  structure  was  bolted  to  the  shaker  top.  Experimental  modal 
analysis  was  used  to  determine  the  linear  natural  frequencies  of  the  frame.  The  lowest  eight 
identified  frequencies  are  3.7.  23.8.  43.0.  68.7.  82.8.  101.8.  190.8.  and  195.6  Hz.  It  is  clear  that  this 
frame  has  widelv  spaced  frequencies  and  some  of  the  frequencies  are  nearly  commensurate. 

Setting  the  excitation  at  1.2  g  and  194.2  Hz.  Popovic  et  al.  observed  significant  responses 
at  3.7.  190.5, °and  194.2  Hz.  The  spectrum  of  the  response  is  shown  in  Fig.  6.  The  peaks  at  3.< 
Hz  and  190  5  Hz  represent  contributions  from  the  first  and  seventh  mode.  The  driving  frequency 
is  the  sum  of  the  frequencies  of  the  two  peaks' at.  3.7  Hz  and  190.5  Hz.  Thus,  the  first  mode  was 
activated  by  a  combination  resonance  of  the  additive  type.  Again,  in  this  experiment,  exciting  the 
frame  with  a  high-frequency  excitation  resulted  in  a  large-amplitude  first-mode  response. 

2.2.3  Composite  Plates 

Oh  and  Nayfeh  (1995b)  tested  a  six-laver  symmetric  laminated  composite  cantilever  plate  at  its 
base.  The  plate  has  the  layup  ( 90/30/ - 30/ -  30/30/90 ),.  The  lowest  seven  experimentally  obtained 
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Figure  C:  Power  spectrum  of  the  response  of  the  frame,  showing  the  activation  of  a  combination 
resonance  of  the  additive  type  (Popovic  et  al..  1994). 

natural  frequencies  are  42.79,  145.75,  275.11.  489.68.  734.66.  798.03.  and  1001.4  Hz.  The  input  was 
monitored  using  an  accelerometer  mounted  on  the  base,  and  the  response  was  monitored  using  a 
laser  vibrometer. 

In  0ne  test.  Oh  and  Navfeh  (1995b)  set  the  excitation  at  13.66  g  nns  and  1133.79  Hz: 
the  latter  is  approximately  the  sum  of  the  frequencies  of  the  first  and  seventh  modes.  In  Fig.  i. 
characteristics  of  the  plate  response  are  shown.  The  time  trace  and  power  spectrum  of  the  response 
in  Figs.  7a  and  b  show  that  the  plate  motion  is  dominated  by  the  first  mode.  It  is  clear  from  Fig. 
7b  that  the  contributions  of  the  first  and  seventh  modes  to  the  plate  response  are  much  larger  than 
the  contribution  at  the  excitation  frequency.  The  power  spectrum  indicates  that  the  plate  motion 
has  contributions  from  two  independent  frequencies,  and  hence  the  motion  may  be  periodic  with 
a  large  period  or  quasiperiodic.  A  pseudo-state  plane  was  reconstructed  by  using  the  time  delay 
dt,  corresponding  to  the  first  zero  crossing  of  the  autocorrelation  function  of  the  response.  The 
result  shown  in  Fig.  7c  suggests  that  the  motion  is  quasiperiodic.  The  closed  curve  in  the  Poincare 
section  in  Fig.  7d  confirms  the  quasiperiodicity  ol  the  motion. 

2.3  Energy  Exchanges  Among  Widely  Spaced  Modes 

In  four  recent  experiments  a  new  mechanism  for  the  transfer  of  energy  from  high-  to  low-frequency 
modes  has  been  observed.  This  mechanism  is  neither  a  classical  internal  resonance  nor  an  external 
or  parametric  resonance  involving  the  low-frequency  mode.  Rather,  the  appearance  of  the  low- 
frequency  mode  is  accompanied  by  a  slow  modulation  of  the  amplitude  and  phase  of  the  high- 
frequency  mode. 

2.3.1  Experiments  on  a  Parametrically  Excited  Cantilever  Beam 

In  the  first  experiment.  Anderson.  Balachandran.  and  Navfeh  ( 1992)  parametrically  excited  a  metal¬ 
lic  cantilever  beam.  The  beam  was  slightly  bent  in  the  static  configuration.  The  first  four  experi¬ 
mentally  identified  natural  frequencies  of  the  beam  are  0.65.  5.65,  16.19.  and  31.91  Hz. 
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Figure  7:  Activation  of  a  combination  resonance  of  the  additive  type  in  the  response  of  a  qua- 
sisotropic  composite  plate:  (a)  time  trace,  (b)  power  spectrum,  (c)  pseudo-state  portrait,  and  (d) 
Poincare  map  (Oh  and  Nayfeh,  1995b)  . 

The  base  motion  was  monitored  with  an  accelerometer.  The  response  was  monitored  with 
two  strain  gages:  one  located  at  x/L  =  0.06  and  the  other  located  at  x/L  =  0.25.  where  x  is  the 
distance  along  the  undeformed  beam  measured  from  the  base  and  L  is  the  length  of  the  beam. 

The  accelerometer  and  strain-gage  spectra  were  monitored  as  the  excitation  frequency  was 
varied.  For  the  spectral  analyses,  there  were  1280  lines  of  resolution  in  a  40  Hz  baseband.  A 
flat  top  window  was  used  during  periodic  excitations,  and  a  Hanning  window  with  thirty  overlap 
averages  was  used  during  random  excitations.  The  two  strain-gage  signals  were  plotted  against 
each  other  on  the  digital  oscilloscope,  thereby  producing  a  pseudo-state  plane.  For  the  Poincare 
sections  (Moon,  1992:  Nayfeh  and  Balachandran.  1994).  one  half  of  the  excitation  frequency  was 
used  as  the  clock  frequency.  Fourier  spectra,  pseudo-state  planes,  autocorrelation  functions,  and 
dimension  calculations  were  used  to  analyze  the  different,  motions. 

The  excitation  frequency  was  chosen  to  be  the  control  parameter,  and  the  base  acceleration 
was  held  constant  at  0.85  g  rms.  where  g  stands  for  the  accelerat  ion  due  to  gravity  and  rms  denotes 
root  mean  square.  Initially  when  the  excitation  frequency  fe  was  33.5  Hz.  there  was  a  peak  in  the 
response  spectrum  at  the  excitation  frequency.  This  peak  is  due  to  a  primary  resonance  of  the  fourth 
mode.  As  the  excitation  frequency  was  gradually  decreased  to  32.31  Hz.  the  third  mode  appeared 
in  the  response.  It  was  excited  by  a  principal  parametric  resonance.  The  response  spectrum.  Fig. 
8.  has  peaks  at  /e  and  /e/ 2. 

When  the  excitation  frequency  was  decreased  to  32.298  Hz.  the  periodic  response  consisting 
of  the  third  and  fourth  modes  lost  stability,  and  a  modulated  motion  developed  in  which  the 
amplitudes  and  phases  varied  with  time.  The  spectrum  of  this  response  is  shown  in  Fig.  9,  with 
the  sidebands  around  the  carrier  frequency  at  /e/2  indicating  a  modulated  motion.  The  sideband 
spacing  fm  is  0.58  Hz,  which  is  close  to  the  first  natural  frequency  of  the  beam.  Once  the  modulated 
motions  developed.  Anderson  et  al.  (1992)  observed  that  the  contribution  of  the  first,  mode  to  the 
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Figure  8:  Power  spectrum  of  the  response  of  a  metallic  cantilever  beam  to  a  principal  parametric 
excitation  of  the  third  mode  (Anderson  et  al..  1992). 
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Figure  9:  Power  spectrum  of  the  modulated  response  showing  a  transfer  of  energy  from  a  low- 
amplitude  high-frequency  excitation  to  a  high-amplitude  low-frequency  mode  in  the  response  of  a 
parametrically  excited  cantilever  beam  (Anderson  et  al..  1992). 


response  became  large.  During  the  experiments,  the  presence  of  the  first  mode  was  very  apparent 
visually. 

When  the  excitation  frequency  was  further  reduced  to  32.289  IIz.  the  motion  appeared  to 
become  chaotic  with  a  large  out-of-plane  component..  The  spectrum.  Fig.  10.  has  a  continuous 
character  in  many  frequency  bandwidths.  which  is  a  characteristic  of  chaotic  motion  (Moon,  1992: 
Navfeh  and  Balachandran,  1994). 

In  Fig.  11,  a  time  record  of  the  strain  obtained  during  the  transient  phase  of  the  motion 
when  /e  was  changed  from  32.298  Hz  to  32.289  Hz  is  shown.  During  the  initial  phase,  the  third 
and  fourth  modes  dominate  the  response.  Subsequently,  there  is  a  transition  from  the  response 
composed  mainly  of  modulated  high-frequency  (fast-time  scale)  motion  to  one  dominated  by  the 
low-frequency  (slow-time  scale)  first  mode.  The  displacements  observed  duiing  the  low-frequency 
dominated  phase  of  the  motion  are  much  larger  than  those  observed  during  the  high-frequency 
dominated  phase.  The  change  in  the  time  history  is  striking. 

In  summary,  in  these  experiments-,  a  beam  was  subjected  to  a  simple-harmonic,  low- 
amplitude  excitation.  The  frequency  of  the  excitation  was  near  the  fourth  natural  frequency, 
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Figure  10:  Power  spectrum  of  a  chaotically  modulated  response  of  a  parametrically  excited  can¬ 
tilever  beam  (Anderson  et  al..  1992). 


Figure  11:  Strain-gage  reading  as  a  function  of  time  for  a  parametrically  excited  cantilever  beam, 
showing  the  transfer  of  energy  from  a  high-frequency  mode  to  a  low-frequency  mode  (Anderson  et 
al.,  1992). 
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vet,  the  contribution  of  the  first  mode  to  the  multifrequency  response  was  much  larger  than  the 
contribution  of  the  high-frequency  mode  that  was  directly  excited.  In  other  words,  the  energy  in 
the  structure  was  transferred  from  the  high-frequency  mode  to  the  low-frequency  mode  and  in 
that  process,  the  response  was  transformed  from  a  low-amplitude  high-frequency  motion  into  a 
high-amplitude  low-frequency  motion.  Surprisingly  small-amplitude  excitations  can  produce  this 
nonlinear  phenomenon.  Such  changes  are  very  undesirable  because  the  increase  in  the  amplitude  of 
the  motion  can  lead  to  a  catastrophic  failure.  Exchanges  of  energy  between  widely  spaced  modes 
seem  to  be  generic  to  a  very  broad  class  of  dynamic  systems,  as  seen  m  the  next  three  sections. 

2.3.2  Experiments  on  a  Transversely  Excited  Cantilever  Beam 

In  the  second  experiment.  Tabaddor  and  Nayfeh  (1995)  transversely  excited  a  steel  cantilever 
beam  with  the  dimensions  33.0"  X  0.6"  X  0.032"  around  its  fourth_ natural  frequency  The  lowes. 
five  experimentally  obtained  natural  frequencies  are  0.70.  5.89.  16. <5.  33.10.  and  54.40  Hz. 

The  excitation  amplitude  was  set  at  1.0  g  and  the  excitation  frequency  /  was  set  at  30..  Hz. 
The  response  consisted  of  a  small-amplitude  fourth  mode.  As  /  was  slowly  increased,  the  response 
continued  to  consist  of  only  the  fourth  mode  but  with  increasing  amplitude.  As  /  was  increased 
past  32.40  Hz,  a  jump  to  a  large-amplitude  motion  consisting  of  only  the  fourth  mode  occurred. 
As  /  was  increased  further,  the  response  consisted  of  only  the  fourth  mode  but  with  decreasing 

amPl‘t'1Re*ersing  the  direction  ot  sweep.  Tabaddor  and  Nayfeh  (1995)  observed  that  the  response 
continued  to  consist  of  only  the  fourth  mode  but  with  increasing  amplitude  until  f  a  32.20 1  Hz.  As 
/  was  decreased  below  32.20  Hz.  they  observed  a  response  consisting  of  both  the  first,  and  lour  1 
modes  The  time  trace  of  the  signal  from  a  strain  gage  attached  near  the  bottom  of  the  beam 
is  shown  in  Fig.  12a.  Clearly  the  response  consists  of  a  high-frequency  component  riding  over  a 
low-frequencv  component.  This  is  better  seen  in  the  spectrum  of  this  signal  shown  in  Fig.  12b.  The 
spectrum  consists  of  two  major  peaks  corresponding  to  the  fourth  and  first  modes  with  asymmetric 
sidebands  around  the  frequency  of  the  fourth  mode.  The  asymmetry  of  the  sidebands  indicates 
that  the  amplitude  and  phase  of  the  fourth  mode  are  modulated.  Moreover,  the  spacing  of  .  le 
sidebands  is  equal  to  the  frequency  of  the  first  mode.  These  results  corroborate  the  results  of  the 
parametrically  excited  cantilever  beam  in  that  energy  is  transferred  from  the  high-frequency  fourth 
mode  to  the  low-frequency  first  mode  and  that  this  transfer  is  accompanied  by  a  modulation  of  the 
amplitude  and  phase  of  the  high-frequency  mode. 


2.3.3  Frames 

In  the  third  experiment,  Popovic.  Nayfeh.  Oh.  and  Nayfeh  (1994)  tested  the  frame  shown  in  Fig. 
5.  The  excitation  was  fixed  at  1.2  g  and  at  195.6  Hz:  the  latter  is  close  to  the  natural  frequency 
of  the  eighth  mode.  The  power  spectrum  of  the  response  is  shown  in  Fig.  13.  One  significant 
feature  of  the  response  power  spectrum  is  the  presence  of  sidebands  around  195.6  Hz:  the  spacing 
of  these  sidebands  is  3.7  Hz.  The  nonuniform  distribution  of  these  sidebands  indicates  that  both 
the  amplitude  and  the  phase  of  the  eighth  mode  were  modulated.  Observing  the  time  trace  of  the 
signal,  Fi*.  14,  one  can  see  small-amplitude  modulations  of  the  eighth-mode  response  that  never 
settled  down.  The  power  spectrum  of  the  response  in  Fig.  12b  indicates  that  the  first  and  eighth 
modes  were  activated  and  that  the  amplitude  and  phase  of  the  eighth  mode  were  modulated. 


15 


Figure  12:  Energy  transfer  from  the  fourth  mode  to  the  first  mode  in  a  transversely  excited  can¬ 
tilever  beam:  (a)  time  trace  and  (b)  power  spectrum  (Tabaddor  and  Nayfeh.  1995). 

2.3.4  Composite  Plates 

In  the  fourth  experiment.  Oh  and  Nayfeh  ( 1995a)  constructed  a  12-layer  graphite-epoxv  plate  0.138" 
thick  and  6.87“  wide  with  the  stacking  sequence  (90/30/-30/-30/30/90).,  and  tested  it  in  a  cantilever 
mode  with  a  length  of  11.50".  The  natural  frequencies  and  mode  shapes  were  determined  by  finite- 
element  analysis  and  experimental  modal  analysis.  The  lowest  seven  experimentally  identified 
natural  frequencies  are  42.79,  145.75.  275.11,  489.68.  734.66.  798.03.  and  1001.4  Hz.  This  plate 
has  widely  spaced  frequencies  and  some  of  the  higher  frequencies  are  commensurate.  By  changing 
the  length  of  the  plate,  they  were  able  to  tune  or  detune  some  of  the  internal  resonances  and  to 
determine  their  influence  on  the  transfer  of  energy  from  high-frequency  modes  to  the  first  mode. 

The  excitation  was  fixed  at  12.92  g  and  1001.4  Hz:  the  latter  is  equal  to  the  natural  frequency 
of  the  seventh  mode.  The  power  spectrum.  Fig.  15b.  contains  two  major  peaks  with  frequencies 
close  to  those  of  the  directly  excited  seventh  mode  and  the  first  mode.  One  significant,  feature  of  this 
spectrum  is  the  presence  of  a  sideband  around  t  he  major  peak,  corresponding  to  the  seventh  mode. 
The  spacing  of  this  sideband  is  42.8  Hz.  which  is  close  to  the  frequency  of  the  first  mode.  Again, 
we  conclude  that  the  low-frequency  first  mode  is  activated  and  that  this  activation  is  accompanied 
by  a  modulation  of  the  amplitude  and  phase  of  the  seventh  mode.  This  is  clear  in  the  time  trace 

in  Fig.  15a. 

2.3.5  A  Paradigm  for  the  Transfer  of  Energy  Among  Widely  Space  Modes 

The  results  presented  in  Sections  4. 1-4.4  show  modal  interactions  occurring  between  high-  and  low- 
frequency  modes  in  flexible  as  well  as  stiff  structures.  The  mechanism  for  the  interaction  appears  to 
be  neither  a  classical  internal  resonance  nor  an  external  or  parametric  resonance  involving  the  low- 
frequency  modes.  Rather,  it  seems  that  these  interactions  can  occur  whenever  there  exist  modes 
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Figure  15:  Response  of  a  cantilever  composite  plate,  showing  the  transfer  of  energy  from  the  seventh 
mode  to  the  first  mode  (Oh  and  Nayfeh,  1995a). 

whose  natural  frequencies  are  much  lower  than  the  natural  frequencies  of  the  modes  being  directly 
driven. 

To  investigate  possible  mechanisms  for  the  transfer  of  energy  from  high-  to  low-frequency 
modes.  Nayfeh  and  Nayfeh  (1993)  studied  a  representative  system  made  up  of  two  coupled  os¬ 
cillators.  These  equations  are  of  a  form  that  may  be  obtained  by  a  two-mode  discretization  of 
a  continuous  system  with  cubic  nonlinearities  or.  alternatively,  they  could  model  a  discrete  two- 
degree-of-freedom  system.  The  equations  are  given  by 

u. i  +  2epi«i  +  e2ui  =  —  c2(4oiU|  -I-  a2u\u^)  (1) 

ii2  +  +  U2  =  € ( 0: 3 1/ o  +  Oj4U2U2  +  /  cos  fit)  (2) 

where  c.  the  ratio  of  the  linear  natural  frequencies  of  the  system,  is  positive  and  small.  The 
linear  natural  frequency  of  the  high-frequency  mode  has  been  nondimensionalized  to  unity.  Of 
principal  interest  is  whether  an  excitation  applied  to  the  high-frequency  mode  near  its  linear  natural 
frequency  can,  as  observed  in  the  experiments,  generate  a  large  response  in  the  low-frequency  mode. 
To  answer  this  question.  Nayfeh  and  Nayfeh  (1993)  used  the  method  of  averaging  to  construct  an 
approximation  to  the  solutions  of  Eqs.  (1)  arid  (2). 

Neglecting  the  damping  and  nonlinearities,  one  can  write  the  solution  to  Eq.  (1)  as  uj  = 
docosfct  +  <po).  In  this  solution.  u\  is  0(1),  u\  is  0(c),  and  U\  is  0(e2).  Thus,  u  1  itself  is  slowly 
varying.  Because  the  natural  frequency  of  u2  is  not  small,  its  motion  can  be  treated  in  the  usual 
way  by  assuming  that  its  amplitude  and  phase  are  slowly  varying  as  described  below. 

It  is  convenient  to  set  fl2  =  1  -(-  ccx,  where  o  is  a.  measure  of  the  closeness  of  the  excitation 
frequency  to  the  unperturbed  natural  frequency  of  u2.  It  follows  from  the  method  of  averaging  that 

u2  =  a(t)cos(Slt  + 3(t))  and  t'/2  =  -«.(f)Qsin(fif  +  *3(0)  (3) 
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1 .  .  ,, 

a  =  -e(M2"  +  -/sin 

(4) 

j  =  ~€  +  ^«4ul  +  ^Q3«*  +  ^  COS 

(5) 

u  1  =  fl’l 

(6) 

vx  =  —  e(ui  +  2/^i  j.’i  +  4n  i  ux  +  -a2«i«2) 

(7) 

The  fixed-point  solutions  of  the  averaged  equations  represent,  constant  amplitude  and  phase 
motions  of  the  high-frequency  mode  accompanied  by  static  (DC)  responses  of  the  low-frequency 
mode.  The  stability  of  a  fixed-point  solution  is  determined  by  examination  of  the  eigenvalues  of 
the  Jacobian  matrix  of  Eqs.  (4)-(7)  evaluated  at  the  fixed  point  of  interest. 

In  Fig.  16,  the  frequency-response  curves  are  presented  for  a  case  in  which  nontrivial 
solutions  for  ux  occur.  It  should  be  noted  that,  although  we  show  only  the  fixed-point  solutions 
corresponding  to  positive  values  of  ux  in  Fig.  16.  there  exists  a  second  set  of  solutions  corresponding 
to  negative  values  of  ux.  The  trivial  solutions  are  unstable  with  a  positive  real  eigenvalue  in  the 
central  region  of  the  plot.  In  this  region,  a  nontrivial  solution  for  ux  exists.  The  upper  branch 
of  this  solution  consists  of  two  regions  of  stable  nodes  joined  by  a  region  of  unstable  foci.  Wheie 
the  stable  nodes  exist,  the  motion  will  consist  of  periodic  oscillations  in  u2  and  either  a  positive 
or  negative  nonzero  static  deflection  in  ux.  Where  the  unstable  foci  exist,  oscillatory  ux  motions 
accompanied  by  modulated  u2  responses  will  occur  as  observed  in  the  experiments. 

The  averaged  equations  were  integrated  for  the  same  values  of  the  parameters  used  in  Fig. 
16  to  studv  the  dynamics  of  the  system  in  the  neighborhoods  of  unstable  foci.  As  predicted  by 
the  stability  analysis,  oscillatory  responses  of  ux  were  found.  The  dynamics  of  the  system  are  very 
complicated  in  these  regimes  and  various  nonlinear  phenomena,  such  as  period-doubling  bifurcations 
culminating  in  chaos,  symmetry-breaking  bifurcations,  the  existence  of  multiple  attractors,  and  the 
merging  of  attractors  were  found. 

In  Fig.  17.  a  sequence  of  responses  obtained  for  the  parameter  values  used  in  Fig.  16,  f 
2.5.  and  various  values  of  a  is  presented.  As  shown  in  Fig.  16,  as  a  is  decreased  through  cr  =  0.349, 
a  Hopf  bifurcation  occurs.  In  Fig.  16a,  we  plot  the  motion  in  the  a  -  ux  plane  just  before  the 
supercritical  Hopf  bifurcation  occurs.  As  expected,  the  long-time  response  consists  of  only  the 
stable  fixed  point.  There  exists  a  second  fixed-point,  solution  corresponding  to  negative  values  of 
uj  which  is  not  plotted  here. 

In  Fig.  17b.  the  motion  just  after  the  bifurcation  is  shown.  As  predicted,  the  response 
changes  from  the  point  in  the  plane  shown  in  Fig.  17a  to  the  limit  cycle  in  Fig.  17b.  As  a  is 
further  decreased,  the  size  of  the  limit  cycle  increases.  Figs.  17b-e.  Decreasing  a  further  leads  to 
the  sequence  of  period-doubling  bifurcations  shown  in  Figs.  17f  and  g.  which  culminates  in  the 
creation  of  the  chaotic  attractor  shown  in  Fig.  17h.  Only  a  short  sample  of  the  chaotic  attractor  is 
shown.  As  the  motion  continues,  the  trajectory  would  fill  the  area  outlined  roughly  by  the  portion 
of  the  trajectory  shown. 

The  analysis  of  this  t.wo-degree-of-freedom  system  shows  interactions  between  high-  and 
low-frequency  modes  through  which  an  excitation  applied  to  the  high-frequency  mode  results  in 
large-amplitude  responses  in  the  low-frequency  mode.  The  response  of  the  system  is  similar  to  that 
reported  in  the  two  experiments.  . 

Nay feh  and  Chin  ( 1995)  extended  the  analysis  of  Nayfeli  and  Nayfeli  ( 1993)  by  considering 
the  case  of  principal  parametric  resonance.  They  showed  that  exciting  the  high-frequency  mode 
with  a  principal  parametric  resonance  results  in  a  large- amplitude  response  in  the  low-fi equencv 
mode,  again  similar  to  the  experimental  observations. 
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Figure  17:  Numerical  simulation  of  the  averaged  equations  for  c*i  =  a3  -  l.a2  -  -4  a4  -  6 
m  =  0.25, M2  =  0.5,/  =  2.5,  and  a  =  (a)  0.350.  (b)  0.348.  (c)  0.300.  (d)  0.200.  (e)  0.000,  (f)  -0.170 
(g)  -0.243,  and  (h)  -0.260  (Nayfeh  and  Nayfeh.  1993). 


2.4  References 

Anderson,  T.  J.,  Balachandran.  B..  and  Nayfeh.  A.  II..  1992.  Observations  of  Modal  Interactions 
Among  Modes  with  Widely  Spaced  Frequencies."  ASME  Winter  Annual  Meeting,  .\onlinear 
Vibration  Symposium.  Anaheim.  CA.  November  8-13. 

Anderson.  T.  J.,  Balachandran.  B..  and  Nayfeh.  A.  H..  1994.  "Nonlinear  Resonances  in  a  Flexible 
Cantilever  Beam."  Journal  of  Vibration  and  Acoustics.  Vol.  116.  pp.  480-484. 

Cole.  S..  1990,  ’’Effects  of  Spoiler  Surfaces  on  the  Aeroelastic  Behavior  of  a  Low- Aspect-Ratio 
Rectangular  Wing,”  AIAA  Paper  No.  90-0981-CP. 

Dugundji,  J..  and  Mukhopadhyay,  V..  1973.  ’’Lateral  Bending- Torsion  Vibrations  of  a  Thin  Beam 
°  Under  Parametric  Excitation,”  Journal  of  Applied  Mechanic.  Vol.  40.  pp.  693-698. 

Moon.  F.  C.,  1992,  Chaotic  and  Fractal  Dynamics.  Wiley. 

Nayfeh.  A.  H.,  and  Balachandran,  B.,  1994,  Applied  Nonlinear  Dynamics.  Wiley. 

Navfeh.  A.  H..  and  Chin,  C-M..  1995.  ’’Nonlinear  Interactions  in  a  Parametrically  Excited  System 
with  Widely  Spaced  Frequencies,  accepted  for  publication,  Nonlinear  Dynamics. 

Oh.  K..  and  Nayfeh.  A.  H..  1995a,  ”High-to-Low  Frequency  Modal  Interactions  in  a  Cantilever 
Composite  Plate.”  AIAA  Paper  No.  95-1183.  to  be  presented  at  the  36th  Structures,  Struc¬ 
tural  Dynamics,  and  Materials  Conference.  New  Orleans.  LA.  April  10-14. 

Nayfeh.  S.  A.,  and  Nayfeh.  A.  H.,  1993.  ’’Nonlinear  Interactions  Between  Two  Widely  Spaced 
Modes  -  External  Excitation.”  International  Journal  of  Bifurcation  and  Chaos.  Vol.  3.  pp. 
417-427. 

Oh.  K..  and  Nayfeh.  A.  H..  1995b,  ’’Nonlinear  Combination  Resonances  in  Cantilever  Composite 
Plates."  submitted  for  publication.  Journal  of  I  ibration  and  Control. 

Oh.  Iv..  Nayfeh.  A.  H..  and  Mook.  D.  T..  1994.  "Modal  Interactions  in  the  Forced  Vibration  of  a 
Cantilever  Metallic  Beam.”  Nonlinear  and  Stochastic  Dynamics.  ASME  AMD-Vol.  192/DE- 
Vol.  78.  pp.  237-247. 

Popovic.  P..  Nayfeh.  A.  II..  Oh.  K..  and  Nayfeh.  S.  A..  1994.  "An  Experimental  Investigation 
of  Energy  Transfer  from  a  High-Frequency  Mode  to  a  Low-Frequency  Mode  in  a  Flexible 
Structure.”  Nonlinear  and  Stochastic  Dynamics.  ASME  AMD-Vol.  192/DE- Vol.  78,  pp. 
121-133. 

Tabaddor,  M.,  and  Nayfeh,  A.  H.,  1995.  ’’Nonlinear  Dynamics  of  a  Transversely  Excited  Flexible 
Cantilever  Beam,”  submitted  for  publication.  Journal  of  Vibration  and  Acoustics. 


3  Students  Receiving  Full  or  Partial  Support 

The  following  students  received  full  or  partial  support  from  the  AFOSR.  Grants.  The  support  took 
the  form  of  stipends  paid  directly  to  them  and/or  money  paid  to  the  Pis  to  release  them  from  other 
academic  duties. 


22 


Senior  Projects 

P.  Popovic,  1994,  ”An  Experimental  Investigation  of  Energy  Transfer  from  a  High-Frequency  Mode 
to  a  Low-Frequency  Mode  in  a  Flexible  Structure 

Masters  Students 

l  s.  A.  Nayfeh,  1993.  "Nonlinear  Dynamics  of  Systems  Involving  Widely  Spaced  Frequencies 

2.  W.  Ivreider.  1995,  ” Linear  and  Nonlinear  Vibrations  of  Buckled  Beams" 

Doctoral  Students 

1.  T.  J.  Anderson.  1993.  ’’Nonlinear  Vibrations  of  Metallic  and  Composite  Structures" 

2.  M.  U.  Bikdash.  1993,  ’’Time-Optimal  and  Saturating  Controls  with  Applications  to  Space 
Structure” 

3.  C-M.  Chin.  1993,  ’’Problems  in  Nonlinear  Dynamics” 

4  K.  Oh.  1994.  ”A  Theoretical  and  Experimental  Study  of  Modal  Interactions  in  Metallic  and 
Laminated  Composite  Plates 


4  Publications 

The  following  articles  were  made  possible  by  full  or  partial  support  from  the  A1-0SR  Grants. 

Refereed  Articles  in  Technical  Journals  and  Proceedings  for  Which  the  Entire 
Manuscript  is  Reviewed 

1.  A.  M.  Abou-Ravan.  A.  II.  Nayfeh.  D.  T.  Mook.  and  M.  A.  Nayfeh.  "Nonlinear  Response 
of  a  Parametrically  Excited  Buckled  Beam."  Nonlinear  Dynamics.  Vol.  4.  No.  5.  1993,  pp. 
499-525. 

2.  S.  A.  Nayfeh  and  A.  H.  Nayfeh.  “Nonlinear  Interactions  Between  Two  Widely  Spaced  Modes 
-  External  Excitation."  International  Journal  of  Bifurcation  and  Chaos.  Vol.  3.  No.  2.  1993. 
pp.  417*427. 

3.  A.  H.  Nayfeh  and  S.  A.  Nayfeh.  "On  Nonlinear  Modes  of  Continuous  Systems.”  Journal  of 
Vibration  and  Acoustics.  Vol.  11C.  No.  1.  1994.  pp.  129-136. 

4.  S.  A.  Nayfeh  and  A.  II.  Nayfeh.  “Energy  Transfer  from  High-  to  Low-Frequency  Modes  in 
a  Flexible  Structure  via  Modulation."  Journal  of  Vibration  and  Acoustics.  Vol.  116,  No.  2, 
1994,  pp.  203-207. 

5.  B.  Balachandran.  A.  II.  Nayfeh.  S.  W.  Smith,  and  R.  S.  Pappa.  “Identification  of  Nonlinear 
Interactions  in  Structures."  Journal  of  Guidance.  Control,  and  Dynamics.  Vol.  17.  No.  2. 
1994,  pp.  257-262. 

6.  T.  A.  Nayfeh,  A.  H.  Nayfeh.  and  D.  T.  Mook.  "A  Theoretical-Experimental  Investigation 
of  a  Three-Degree-of-Freedom  Structures."  Nonlinear  Dynamics,  Vol.  6.  No.  3.  1994,  pp. 
353-374. 


23 


7.  M.  Pakdemirli  and  A.  H.  Nayfeh.  “Nonlinear  Vibrations  of  a  Beam-Spring-Mass  System." 
Journal  of  Vibration  and  Acoustics.  Vol.  116.  No.  4.  1994.  pp.  433-439. 

8  P.  F.  Pai  and  A.  H.  Nayfeh,  “A  Unified  Nonlinear  Formulation  for  Plate  and  Shell  Theories. 
Nonlinear  Dynamics,  Vol.  6.  No.  4.  1994,  pp.  459-500. 

9  C.  Chin.  A.  H.  Nayfeh,  and  D.  T.  Mook,  “The  Response  of  a  Nonlinear  System  with  a  Non- 
semisimple  One-to-One  Resonance  to  a  Combination  Parametric  Resonance."  International 
Journal  of  Bifurcation  and  Chaos.  Vol.  5.  No.  4.  1995. 

10.  A.  H.  Nayfeh,  C.  Chin,  and  D.  T.  Mook.  “Parametrically  Excited  Nonlinear  Two-Degree-of- 
Freedom  Systems  with  Repeated  Natural  Frequencies."  Shock  and  Vibration.  Vol.  2.  No.  1. 
1995,  pp.  43-57. 

11  P.  F.  Pai  and  A.  II.  Nayfeh.  “A  New  Method  for  the  Modeling  of  Geometric  Nonlinearities 
in  Structures.”  Computers  k  Structures.  Vol.  53.  No.  4.  1994.  pp.  877-895. 

12.  A.  H.  Nayfeh  and  C.  Chin.  “Nonlinear  Interactions  in  a  Parametrically  Excited  System  with 
Widely  Spaced  Frequencies"  Nonlinear  Dynamics.  Vol.  7.  No.  2.  1995.  pp.  195-216. 

13.  S.  A.  Nayfeh  and  A.  H.  Nayfeh.  “The  Response  of  Nonlinear  Systems  to  Modulated  High- 
Frequency  Input,”  Nonlinear  Dynamics,  Vol.  7.  No.  3.  1995.  pp.  301-315. 

14.  P.  Popovic,  A.  H.  Nayfeh,  K.  Oh.  and  S.  A.  Nayfeh.  “An  Experimental  Investigation  of  Energj 
Transfer  from  a  High-Frequency  Mode  to  a  Low-Frequency  Mode  in  a  Flexible  Structure.” 
Journal  of  Vibration  and  Control.  Vol.  1.  No.  1.  1995.  pp.  115-128. 

15.  A.  H.  Nayfeh  and  S.  A.  Nayfeh,  “Nonlinear  Normal  Modes  of  a  Continuous  System  with 
Quadratic  Nonlinearities.”  Journal  of  Vibration  and  Acoustics.  Vol.  lli.  1995,  pp.  199-205. 

16.  T.  J.  Anderson.  A.  H.  Nayfeh,  and  B.  Balachandran.  “Experimental  Verification  of  the  Impor¬ 
tance  of  the  Nonlinear  Curvature  in  the  Response  of  a  Cantilever  Beam.  Journal  of  Vibration 
and  Acoustics.  Vol.  117.  1995. 

17.  T.  J.  Anderson.  A.  H.  Nayfeh.  and  B.  Balachandran.  “Coupling  Between  High-Frequency 
Modes  and  a  Low-Frequency  Mode:  Theory  and  Experiment."  accepted  for  publication.  Non- 
linear  Dynamics. 

18.  S.  A.  Nayfeh.  A.  H.  Nayfeh,  and  D.  T.  Mook.  “Nonlinear  Response  of  a  Taut  String  to 
Longitudinal  and  Transverse  End  Excitation."  accepted  for  publication.  Journal  of  Vibration 
and  Control. 

19.  T.  J.  Anderson  and  A.  H.  Nayfeh,  “Natural  Frequencies  and  Mode  Shapes  of  Laminated  Com¬ 
posite  Plates:  Experiments  and  FEM.”  accepted  for  publication,  Computers  k  Structures. 

20.  A.  H.  Nayfeh,  C.  Chin,  and  S.  A.  Nayfeh.  “Nonlinear  Normal  Modes  of  a  Cantilever  Beam.  ’ 
accepted  for  publication.  Journal  of  Vibration  and  Acoustics. 

21.  M.  Pakdemirli.  S.  A.  Nayfeh,  and  A.  H.  Nayfeh.  “Analysis  of  One-to-One  Autoparametric 
Resonances  in  Cables-Discretization  vs.  Direct  Treatment.”  accepted  for  publication,  Non¬ 
linear  Dynamics. 


24 


22.  A.  H.  Nay  fell,  W.  Kreider.  and  T.  J.  Anderson.  "An  Analytical  and  Experimental  Investiga- 

"  tion  of  the  Natural  Frequencies  and  Mode  Shapes  of  Buckled  Beams"  accepted  for  publica¬ 
tion,  AIAA  Journal. 

23.  A.  H.  Nayfeh  and  C.  Chin.  “On  Nonlinear  Modes  of  Systems  with  Internal  Resonance, 
accepted  for  publication.  Journal  of  Vibration  and  Acoustics. 

24.  A.  H.  Nayfeh  and  W.  Kreider,  “Boundary-Condition  Considerations  for  the  Linear  Free  Vi¬ 
brations  of  Buckled  Beams.”  submitted  for  publication.  AIAA  Journal. 

25.  K.  Oh  and  A.  H.  Nayfeh.  “Nonlinear  Combination  Resonances  in  Cantilever  Composite 
Plates.”  submitted  for  publication.  Nonlinear  Dynamics. 

26.  M.  Tabaddor  and  A.  H.  Nayfeh,  “Nonlinear  Dynamics  of  a  Transversely  Excited  Flexible 
Cantilever  Beam.”  submitted  for  publication.  Journal  of  Vibration  and  Acoustics. 

27.  C-M.  Chin  and  A.  H.  Nayfeh,  “Bifurcation  and  Chaos  in  Externally  Excited  Circular  Cylin¬ 
drical  Shells.”  submitted  for  publication.  Journal  of  Applied  Mechanics. 

28.  A.  H.  Nayfeh,  “On  Direct  Methods  for  Constructing  Nonlinear  Normal  Modes  of  Continuous 
Systems.”  accepted  for  publication.  Journal  of  Vibration  and  Control. 

Chapters  of  Books 

1.  B.  Balachandran  and  A.  H.  Nayfeh,  “Nonlinear  Interactions  in  Structures  with  Internal  Res¬ 
onance."  in  Recent  Advances  in  Aerospace  Sciences  and  Engineering.  (H.  S.  Mukunda  and 
A.  V.  Krishna  Murthy.  eds.),  Bangalore.  India.  Vol.  II.  pp.  314-320.  1992. 

2.  A.  H.  Nayfeh.  S.  A.  Nayfeh,  and  M.  Pakdemirli.  “On  the  Discretization  of  Weakly  Nonlin¬ 
ear  Spatially  Continuous  Systems,  in  Nonlinear  Dynamics  and  Stochastic  Mechanics.  (\\  . 
Kliemann  and  N.  Sri  Namamchchivaya.  eds.).  1994. 

3.  A.  H.  Nayfeh,  S.  A.  Nayfeh,  T.  Anderson,  and  B.  Balachandran,  “Transfer  of  Energy  from 
High-Frequency  to  Low-Frequency  Modes,  in  .\onIinearity  and  Chaos  in  Engineering  Dy¬ 
namics.  (J.  M.  T.  Thompson  and  S.  R.  Bishop,  eds.).  Wiley,  1994.  pp.  39-58. 

4.  A.  H.  Nayfeh.  “Can  the  Practicing  Engineer  Ignore  Nonlinear  Phenomena.  First  Indus¬ 
try/University  Symposium  on  Research  for  Future  Supersonic  and  Hypersonic  Vehicles.  (A. 
Homaifar  and  J.  C.  Kelly,  Jr.,  eds.),  Vol.  1.  1994.  pp.  337-342. 

AIAA,  ASME,  and  SAE  Conference  Papers  and  Presentations 

1.  S.  A.  Nayfeh  and  A.  H.  Nayfeh,  “Nonlinear  Interactions  Between  Two  Widely  Spaced  Modes  - 
External  Excitation.”  AIAA  Paper  No.  93-1596.  AIAA  34th  Structures.  Structural  Dynamics, 
and  Materials  (SDM)  Conference.  LaJolla.  CA.  April  19-21,  1993. 

2.  T.  J.  Anderson.  A.  II.  Nayfeh,  and  B.  Balachandran.  “Coupling  Between  Widely  Spaced 
Modes  Via  Modulations  -  Parametric  Excitation.”  AIAA  Paper  No.  93-1595.  AIAA  34th 
Structures.  Structural  Dynamics,  and  Materials  (SDM)  Conference,  LaJolla,  CA,  April  19- 
21,  1993. 


25 


3.  A.  H.  Nayfeh,  C.  Chin,  and  D.  T.  Mook.  “Parametrically  Excited  Nonlinear  Two-Degree-of- 
Freedom  Systems  with  Repeated  Natural  Frequencies."  14th  Biennial  Conference  on  Mechan¬ 
ical  Vibration  and  Noise.  Albuquerque.  NM.  September  19-22.  1993. 

4.  S.  A.  Nayfeh  and  A.  II.  Nayfeh.  "The  Response  of  Nonlinear  Systems  to  Modulated  High- 
Frequency  Excitations.”  14th  Biennial  Conference  on  Mechanical  Vibration  and  Noise.  Albu¬ 
querque.  NM,  September  19-22.  1993. 

5.  C.  Chin.  A.  H.  Nayfeh.  and  D.  T.  Mook.  “Parametrically  Excited  Nonlinear  Two-Degree-of- 
Freedom  Systems  with  Repeated  Natural  Frequencies."  Nonlinear  Vibrat  ions.  (R.  A.  Ibrahim. 
A.  K.  Bajaj,  and  L.  A.  Bergman,  eds.),  DE-Vol.  54.  September  19-22.  1993.  pp.  205-218. 

6.  S.  A.  Nayfeh  and  A.  II.  Nayfeh,  "The  Response  of  Nonlinear  Systems  to  Modulated  High- 
Frequency  Excitations.”  in  Dynamics  and  Vibration  of  Time- Varying  Systems  and  Structures. 
ASME.  DE-Vol.  56.  1993.  pp.  411-420. 

7.  T.  J.  Anderson.  A.  H.  Nayfeh,  and  B.  Balachandran.  “Experimental  Verification  of  the  Im¬ 
portance  of  the  Nonlinear  Curvature  in  the  Response  of  a  Cantilever  Beam.  AIAA  Paper 
No.  94-1675.  AIAA  35th  Structures.  Structural  Dynamics,  and  Materials  Conference.  Hilton 
Head.  SC,  April  18-20.  1994. 

8.  A.  H.  Nayfeh,  W.  Kreider,  and  T.  J.  Anderson.  "An  Analytical  and  Experimental  Investi¬ 
gation  of  the  Natural  Frequencies  and  Mode  Shapes  of  Buckled  Beams."  AIAA  Paper  No. 
94-1683.  AIAA  35th  Structures,  Structural  Dynamics,  and  Materials  Conference.  Hilton  Head. 
SC,  April  18-20.  1994. 

9.  A.  H.  Nayfeh,  C.  Chin,  and  S.  A.  Nayfeh.  “On  Nonlinear  Modes  of  Systems  with  Internal 
Resonance.”  AIAA  Paper  No.  94-1673,  AIAA  35th  Structures.  Structural  Dynamics,  and 
Materials  Conference.  Hilton  Head.  SC,  April  18-20.  1994. 

10.  A.  H.  Nayfeh.  C.  Chin,  and  D.  T.  Mook.  “Suppression  of  Flutter  by  Parametric  Excitations." 
AIAA  Paper  No.  94-1425.  AIAA  35th  Structures.  Structural  Dynamics,  and  Materials  Con¬ 
ference.  Hilton  Head,  SC.  April  18-20.  1994. 

11.  M.  Tabaddor  and  A.  II.  Nayfeh,  “Nonlinear  Dynamics  of  a  Transversely  Excited  Flexible  Can¬ 
tilever  Beam.”  ASME  15th  Biennial  Conference  on  Mechanical  Vibration  and  Noise.  Boston, 
MA.  September  17-21.  1995. 

12.  W.  Kreider  and  A.  H.  Nayfeh.  “Two- to- One  Internal  Resonances  in  Buckled  Beams.’  ASME 
15th  Biennial  Conference  on  Mechanical  Vibration  and  Noise.  Boston.  MA,  September  17-21, 
1995. 

Other  Talks,  Lectures,  Seminars,  and  Proceedings  Publications 

1.  B.  Balachandran  and  A.  H.  Nayfeh,  “Nonlinear  Interactions  in  Structures  with  Internal  Res¬ 
onance,”  International  Symposium  on  Aerospace  Sciences  and  Engineering,  Bangalore,  India, 
December  12-15,  1992. 

2.  P.  F.  Pai  and  A.  II.  Nayfeh.  “Chaotic  Vibrations  of  Composite  Beams,”  Second  US  National 
Congress  on  Computational  Mechanics.  Washington.  DC.  August  16-18.  1993. 


26 


3.  K.  Oh,  P.  F.  Pai.  and  A.  II.  Nayfeli.  “An  Experimental  and  Theoretical  Investigation  of  Modal 
Interactions  in  the  Response  of  a  Cantilever  Plate.’1  International  Symposium  on  the  Unifica¬ 
tion  of  Analytical,  Computational,  and  Experimental  Solution  Methodologies.  Danvers.  MA. 
August  18-20,  1993. 

4.  A.  H.  Nayfeh.  S.  A.  Navfeli,  and  M.  Pakdemirli.  “On  the  Discretization  of  Weakly  Nonlin¬ 
ear  Spatially  Continuous  Systems.’1  International  Symposium  on  Nonlinear  Dynamics  and 
Stochastic  Mechanics.  Waterloo.  CANADA.  August  28-September  1.  1993. 

5.  A.  H.  Nayfeh.  C.  Chin,  and  S.  A.  Nayfeh.  “Nonlinear  Normal  Modes  of  a  Cantilever  Beam." 
Fifth  Workshop  on  Dynamics  and  Aeroelastic  Stability  Modeling  of  Rotorcraft  Systems.  Rens¬ 
selaer  Polytechnic  Institute,  NY,  October  18-20.  1993. 

6.  A.  H.  Nayfeh,  “Can  the  Practicing  Engineer  Ignore  Nonlinear  Phenomena.”  First  Indus¬ 
try/University  Symposium  on  High  Speed  Civil  Transport  Vehicle.  Greensboro.  NC'.  Decem¬ 
ber  4-6,  1994. 


27 


